We consider the Maxwell field in the exterior of a Kerr black hole. For this system, we propose a geometric construction of generalized Klein-Gordon equation called FackerellIpser equation. Our model is based on conformal Yano-Kiling tensor (CYK tensor). We present non-standard properties of CYK tensors in the Kerr spacetime which are useful in electrodynamics.
Introduction
Maxwell's equations in the Kerr spacetime are important for research in relativistic astrophysics. The electrodynamics on Kerr background was examined in 1970s using NewmanPenrose formalism (see [8] , [9] ). Fackerell and Ipser reduced Maxwell's equations to a single second order partial differential equation for a complex scalar (see (2.12) ). We call it F-I equation. The solution of F-I equation is closely related to the Newman-Penrose electromagnetic scalar 1 . Nowadays, F-I equation is investigated in the context of the uniform energy bound and asymptotic behaviour of solutions [12] . Only a partial answer for that problem is known -the case of a slowly rotating Kerr black hole.
In this paper we propose a geometric construction which enables one to obtain F-I equation using conformal Yano-Kiling tensor (CYK tensor). CYK tensors were often investigated as a tool to study symmetries and construct conserved quantities ( [1, 2, 5] ). In electrodynamics there are two kinds of conserved quantities which are defined with the help of CYK tensors. The first one corresponds to electric or magnetic charge and is linear with respect to the Maxwell field. The second kind is quadratic and expresses energy, linear momentum or angular momentum of the electromagnetic tensor. In our approach we investigate non-standard properties of CYK tensor in Kerr spacetime which enable one to reduce Maxwell's equation to a single generalized Klein-Gordon equation for a complex scalar.
The paper is organized as follows: In Section 2 we review the general properties of CYK tensor and present a construction of a second order wave equation (2.11) for special spacetimes equipped with CYK tensor. The next section is focused on properties of Kerr spacetime. In particular, we demonstrate how equation (2.11) can be reduced to FackerellIpser equation (2.12) . During our derivation of F-I equation, additional properties of CYK tensors in Kerr spacetime are presented. To clarify the exposition, some of the technical results and proofs have been shifted to the appendix. The last section contains miscellaneous results: generalization of Fackerell-Ipser equation for Kerr-de Sitter spacetime and discussion of distorted Coulomb solution arising from electromagnetic field in the KerrNewman-de Sitter spacetime.
General properties of Maxwell field and CYK tensor
Let M be a four-dimensional manifold equipped with pseudo-Riemannian metric g µν . The covariant derivative associated with the Levi-Civita connection will be denoted by ∇ or just by ";". We will denote by T ...(µν)... the symmetric part and by T ... [µν] ... the antisymmetric part of tensor T ...µν... with respect to indices µ and ν (analogous symbols will be used for more indices).
General properties of CYK tensors in four dimensions
CYK tensor can be defined in general case -for p-forms on n-dimensional manifold. However, here we restrict ourselves to an oriented manifold of dimension n = 4 and by CYK tensor we mean a (two-index) antisymmetric tensor (two-form). Let Q µν be an antisymmetric tensor field (two-form) on M and let us denote by Q λµν a (three-index) tensor defined as follows:
The object Q has the following algebraic properties: Q λµν g λν = 0 = Q λµν g λµ , Q λµν = Q νµλ , i.e. it is traceless and partially symmetric.
Definition 2.
1. An antisymmetric tensor Q µν is a conformal Yano-Killing tensor (or simply CYK tensor) for the metric g iff Q λµν (Q, g) = 0.
In other words, Q µν is a conformal Yano-Killing tensor if it fulfils the following equation
(first proposed by Tachibana and Kashiwada [6] ).
Hodge duality In the space of differential forms on an oriented manifold one can define a mapping called the Hodge duality (Hodge star). It assigns to every p-form an (n − p)-form (where n is the dimension of the manifold). We consider the case of n = 4 and p = 2. The Hodge star then becomes a mapping which assigns to a two-form ω a two-form * ω. We can express this mapping in the following way:
where ε αβγδ is the antisymmetric Levi-Civita tensor 2 determining orientation of the manifold (
is the volume form of the manifold M ). For the Lorentzian metric we have * * ω = −ω. Due to CYK tensor being a two-form, it is reasonable to ask what are the properties of its dual. Let Q be a CYK tensor and * Q its dual. Moreover, let us introduce the following covector χ µ := ∇ ν * Q νµ . It was proved in [5] , that * Q λµ;ν + * Q νµ;λ = 2 3
It is not hard to recognize that this is Eq. (2.2) for the tensor * Q. It proves the following theorem:
Theorem 2.1. Let g µν be a metric tensor on a four-dimensional differential manifold M . An antisymmetric tensor Q µν is a CYK tensor of the metric g µν if and only if its dual * Q µν is also a CYK tensor of this metric.
The above theorem implies that for every four-dimensional manifold, solutions of Eq. (2.2) exist in pairs -to each solution we can assign the dual solution (in the Hodge duality sense). For any tensor field T µν on M the following identity holds:
Wave equation satisfied by CYK tensor Let M be a four-dimensional manifold equipped with a metric tensor g µν . If Q λσ and R σ λνµ are a CYK tensor and the Riemann tensor respectively then the following equality holds:
The above equality was proved in [5] . For clarity of the exposition, we present the proof of the above equation in the appendix.
The relation between CYK tensor and Maxwell field
We use vacuum Maxwell equation in terms of Maxwell field. Maxwell field F µν is a two-form (antisymmetric tensor) field. The vacuum Maxwell equation in terms of Maxwell field takes the form
where * denotes Hodge duality (2.3). We consider real Maxwell fields. Taking a divergence of the first Maxwell equation (2.7) and combining with (2.5), we can easily transform the 2 It can be defined by the formula ε αβγδ = √ −gǫ αβγδ , where 
and we obtain
Combining Maxwell equation (2.7) with CYK equation (2.2), we can check that the term
Finally, the d'Alembertian of Maxwell-CYK contraction takes the following form:
The last equality is implied by (2.9). The above considerations lead to the following Theorem 2.2. Let F µν , Q µν and R σ λνµ be respectively a Maxwell field, a CYK tensor and the Riemann tensor corresponding to the metric g µν . Then
Proof. Making use of equations (2.6), (2.8) and (2.10), we can transform Maxwell-CYK contraction in the following way:
It is convenient to split the Riemann tensor into Weyl tensor C σλµν , Ricci tensor R µν and curvature scalar R, and rewrite Eq. (2.11) in the equivalent form
We may note here that the above equation (2.12) is crucial for our further investigation. For flat spacetime Eq. (2.12) reduces to the wave equation ✷φ = 0, where φ := F µν Q µν is a scalar function. We will show in the next section that for the Kerr case we can reduce Eq. (2.12) to Fackerell-Ipser equation. Let us remind: a Weyl tensor C σ λµν and a Maxwell field F µν remain unchanged under a conformal rescaling g µν → Ω 2 g µν for any positive function Ω on M . Moreover, tensor Q λµν (see (2.1)) transforms under the conformal rescaling in the following way:
Proposition 2.1. If Q µν is a CYK tensor for the metric g µν , then Ω 3 Q µν is a CYK tensor for the conformally rescaled metric Ω 2 g µν .
Moreover, the (upper index) tensor Q αβ = g αµ g βν Q µν rescales by Ω −1 . In addition to this, let φ be a scalar function on n-dimensional manifold. If φ rescales conformallỹ φ → Ω k φ, where k = 2−n 2 , then the operator presented below transforms under conformal change of a metric ( g µν = Ω 2 g µν ) in the following way:
where R is a curvature scalar. The above facts lead to a proposition presented below. 
Electrodynamics on Kerr background
In this section we consider Eq. (2.12) for Kerr black hole metric. There is only one pair of solutions (3.4) of CYK equation (2.2) known in the literature. It turns out that this pair of CYK tensors (3.4) possesses some additional properties (see (3.9)) which enable one to obtain a single scalar electromagnetic wave equation describing the evolution of the Maxwell field.
Kerr spacetime
Locally, the Kerr solution to the vacuum Einstein equations is the metric g which in Boyer-Lindquist coordinates takes the form
where
with t ∈ R, r ∈ R, and θ, ϕ being the standard coordinates parameterizing a two-dimensional sphere. We will keep away from zeros of |ρ| and ∆, and ignore the coordinate singularities sin θ = 0. This metric describes a rotating object of mass m and angular momentum J = ma. The advantage of the above coordinates is that for r much grater than m and a the metric becomes asymptotically flat i.e. g ≈ −dt 2 + dr 2 + r 2 (dθ 2 + sin 2 θdφ 2 ).
Properties of CYK tensor for Kerr spacetime
Finding a solution of the CYK tensor equation (2.2) for Kerr is not an easy task. We are dealing with a quite complicated overdetermined system of differential equations for components of Q µν . However, there is one solution known in the literature (see [7] ). According to the theorem 2.1, this solution has its dual companion. We denote them by Y := Q Kerr and * Y := * Q Kerr :
The Riemann tensor R αβρσ of (Ricci flat) Kerr spacetime is equal to its Weyl tensor. Weyl curvature tensor has two pairs of antisymmetric indices. The algebraic structure of the Weyl tensor C µν λκ allows it to be treated as an endomorphism in the space of two-forms at each point p ∈ M :
In the six-dimensional space 2 T * p M we can distinguish a two-dimensional subspace V which is spanned by Y and * Y . V turns out to be an invariant subspace of the endomorphism C. More precisely,
where |ρ| 2 = r 2 + a 2 cos 2 θ. We can check by direct computation that the above result is a linear combination of Y and * Y and the endomorphism C restricted to V reduces to the simple matrix form:
where H := r(r 2 − 3a 2 cos 2 θ) (3r 2 − a 2 cos 2 θ)a cos θ −(3r 2 − a 2 cos 2 θ)a cos θ r(r 2 − 3a 2 cos 2 θ) .
the corresponding eigenvectors being:
and the corresponding eigenvectors:
The two-form Y − ı * Y diagonalizes the Weyl endomorphism C. More precisely, we have
where the eigenfunction is V = 2m (r − ıa cos θ) 3 (3.10)
The above fact has serious consequences in the further theory formulation. In the spacetime where (3.9) holds, a scalar electromagnetic wave equation can be introduced. This will be presented in detail in the next paragraph.
Scalar electromagnetic wave equation in Kerr spacetime
Now we return to the equation (2.12) and rewrite it for Y µν and its dual * Y µν multiplied by ı:
For Kerr metric, as a solution of vacuum Einstein equations, the curvature scalar R vanishes. Subtracting both sides and using (3.9), we obtain:
, we obtain a scalar electromagnetic wave equation:
The above calculations prove the following ✷Φ + V Φ = 0 (3.13)
The Fackerell-Ipser equation was derived at the beginning of 1970s [10] using NewmanPenrose formalism. The formulation of Maxwell equations on Kerr background in terms of Newman-Penrose formalism and Teukolsky functions are discussed by Chandrasekhar [8] . In the Newman-Penrose formalism electromagnetic tensor F is characterized by three scalars:
where null tetrad l µ , n ν , m ρ ,m σ is defined at each point of spacetime; the vectors l µ and n ν are real while m ρ andm σ are complex conjugates of one another; moreover m ρm ρ = −1, l µ n µ = 1. All other scalar products vanish. The Φ from Eq. (3.13) is related to φ 0 by the following formula:
4 Miscellaneous results
Generalization for de Sitter spacetimes
Equation (2.12) remains true for four-dimensional spacetimes equipped with CYK tensor. In particular, it is valid for some metrics which are solutions to Einstein equations with cosmological constant Λ. Only the existence of CYK tensor is needed for our construction. We present an example of generalized F-I equation for Kerr-de Sitter spacetime.
Fackerell-Ipser equation in Kerr-de Sitter spacetime. The Kerr solution (3.1) can be further generalized to include a non-zero cosmological constant Λ. In the following section we will not distinguish a sign of Λ and in both cases we call the spacetime shortly by the KdS spacetime. Locally, in Boyer-Lindquist coordinates (see [11] ), the metric takes the form
with t ∈ R, r ∈ R, and θ, ϕ being the standard coordinates parameterizing the sphere. We will keep away from zeros of ρ and ∆ r , and ignore the coordinate singularities sin θ = 0. In the context of our construction, a natural question arises: what are the solutions of Eq.
Y µν and * Y µν (3.4) are also a solution of Eq. (2.2) for KdS metric (see [13] )
(4.6) * Y is also a dual companion (in Hodge sense (2.3)) for KdS metric. The Weyl tensor for KdS depends on Λ in a non-trivial way. But one can check that a CYK-Weyl contractions Y λκ C µνλκ and * Y λκ C µνλκ do not depend on Λ and the relation (3.5) holds also in KdS spacetime. We have used symbolic software WATERLOO MAPLE to check the result (3.5) for KdS metric. The reasoning in subsections 3.2 and 3.3 is based on equations (3.5) and (2.12). Moreover, the Weyl diagonalization process in subsection 3.2 is purely algebraical. It can be repeated for KdS spacetime in the same way. In subsection 3.3 the equalities (3.11) also hold for KdS spacetime. The difference between Kerr and KdS case is that the curvature scalar does not vanish. The curvature scalar for KdS metric is equal to 4Λ. We can rewrite Eq. (3.11) in the following form:
The Eq.(3.9) holds true for Weyl tensor from KdS spacetime. Subtracting equations (4.7) both sides and combining with (3.9), we obtain where Φ = 1 2ı
Distorted Coulomb solution for Kerr-de Sitter spacetime
Distorted Coulomb solution can be easily found by studying Kerr-Newman-de Sitter solution describing a rotating black hole with the electric charge (see [11] ). The Kerr-de Sitter metric (4.1) is a special case of the Kerr-Newman-de Sitter metric for vanishing charge. The electromagnetic potential A related to electromagnetism in Kerr-Newmann-de Sitter spacetime is given by
The associated Maxwell two-form (F = dA) is given by
The electric charge e can be obtained from the Gauss law:
where S 2 is a closed two-surface surrounding the horizon. We want to keep non vanishing e (4.12) but simultaneously put parameter q = 0 in the spacetime metric. We want to point out two things:
1. The solution (4.10) contains also a magnetic field, which is proportional to electric charge e and rotation parameter a. Even in the limit m = 0, Λ = 0, corresponding to the Minkowski spacetime, the Maxwell field (4.11) is not spherically symmetric.
2. The multipole expansion of the scalar field Φ has even a reacher structure -for m = 0, Λ = 0, our CYK tensors Y and * Y (3.4) are not "round" in Minkowski spacetime.
Let us consider the regime m → 0, Λ → 0. The Kerr-de Sitter metric (4.1) reduces to the following form:
corresponding to the Minkowski spacetime. Moreover, the spherical coordinates (R(r, θ), Θ(r, θ), ϕ) defined by the following formulae:
transform the metric tensor (4.14) to the standard spherical form η = −dt 2 +dR 2 +R 2 dΘ 2 + R 2 sin 2 Θdϕ 2 . The vector potential (4.10) in coordinates (t, R, Θ, ϕ) can be divided into spherically symmetric Coulomb term S A and higher rank multipole rest R A:
where S A is equal to
The corresponding Maxwell tensor decomposition is
and the summands S F and R F separately fulfill Maxwell equations. A charge of S F obtained from the Gauss law is equal to q = e. The field R F has vanishing charge. The first terms of R A are related to magnetic and electric dipoles:
The multipole expansion of the scalar field Φ has a reach structure. The CYK tensors Y and * Y (3.4) (for m = 0, Λ = 0) in spherical coordinates (4.15) take the form 
Φ S and Φ R both satisfy Eq. (4.9) in Minkowskian limit: ✷Φ = 0. The multipole structure of Φ R has different interpretation than multipole expansion of Maxwell tensor 3 R F .
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